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On the basis of the concepts presented in [ 1,2 ], some problems of equi-
librium and propagation of rectilinear cracks in an anisotropic medium
are studied.*

1. Fundamental relations. Let us study the motion of an elastic
anisotropic medium under the conditions of plane strain. The equations
of motion are

(753 0*u ,
_a ::p—mﬁ-l— (i=1,2) (11)

Jr,

Here and throughout this paper summation is implied by repeated Greek
indices having the values of one and two; o,, are the components of the
stress tensor, u; are the components of the displacement vector, x, are
rectangular Cartesian coordinates, t is the time, and p is the density

of the medium. For an anisotropic body, where the plane x,x, is the
plane of elastic symmetry, the generalized Hooke’s law has the form [3 ]

{ Jdu du ,
615 = Dijpy gy (eu‘;‘ = [ —— -+ ——j}) (1.2)
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The authors would like to take this opportunity to introduce some
clarification in [2 1. Formula (4.4) should be written in the follow-
ing form (h =+ (R% - £%)
R h
— 2 — — v) NS
_ ds — (1 —v)N R ‘l/-” Yy, (1—=¥)
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The above correction is of no significance to the subsequent presenta-
tion.
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Here ¢ ;. are components of the strain tensor. The quantities bijﬁy
represent the elastic constants of the material, where

hispy == bypji = bijyp == bijiyp

Thus, in the general case the studied body is characterized by six
independent constants, which we shall choose to be b;;,;, b1119: bi1og:
bis1as bayags bgggq- In the orthotropic body by;19 = bgigg =

For the isotropic body the following is also true: b;;;; = byqq9q,
b1122 = ba1n1 — 20y01s-

After substitution of {1.2) into (1.1} we obtain the fundamental
dynamic equation

| a2 a2
L{aua = 0, LU‘ == —Z—(biur‘; + b(ain) ——5;*(7-;;‘— R paﬁ 6” (1.3)

where 8ij is the Kronecker delta, so that Lij = Lji‘
The general solution of the system of equations (1.3) has the form

uy = Lp'\l"y — L'y, ug == L'y — L1y (1.4)
where the functions ¥, and ¥, satisfy the equation

(L11L22 —— ngz) T = 0 (1.5)

For the purposes we have in mind here it is sufficient to study the
case ¥; = ¥, ¥, = 0. Below we study in different versions the mixed
problem of the dynamic theory of elasticity for the anisotropic half-
plane, which is stationary in a system of coordinates fl, 52 moving with
a constant velocity v in the direction of the negative x;-axis:

i = a; + vtbyy (1.6)
(as a special case, the static problems are obtained for v = 0).

In the stationary case, the function ¥ depends only on fl and fz, and
does not depend explicitly on time, so that

2
Li;¥ = Asjup -—5% , Aijap = + (Biapj + biaip) — P0¥id1adip  (1.7)

and the basic equation (1.5) becomes

4
Baﬁws _@:i%@g— =0, Baﬂve = AnaﬂAz‘zYe—AlzaﬁAme (1-8)
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The corresponding characteristic equation can be written in the form
Bupyep et — 0 (1.9)

The subsequent analysis will be only restricted to the elliptic case,
where there are no real roots of (1.9). As was shown by Lekhnitskii [4 1],
the static problem always corresponds to the elliptic case. Because of
continuity considerations, the elliptic quality also holds for suffi-
ciently small velocities. For an orthotropic body, if the boundary of
the half-plane is a line of elastic symmetry, Equation (1.9) becomes bi-
quadratic:

Lyt - Mp2+N =0 (1.10)

where
L = by915b9929, N == (by111 — pv?) (by212 — PV?)

M= b1111b2222 - b11g2 - 2b121261122 - p?)2 (b1212 + b2222)

Note that in the case of the orthotropic body the roots of the
characteristic equation are not necessarily purely imaginary.

Using the method for the static problem of the two-dimensional theory
of elasticity of an anisotropic medium proposed by Lekhnitskii [5 ], and
later applied by Galin [6 ] to the problem of the punch which moves along
the boundary of an isotropic half-plane, we shall write the general
solution of Equation (1.8) in the form

¥ =2Re[Fy(z)) + Fa(z)]l,  zi=18 + mt, (1.11)

where F,, F, are arbitrary.ana}lytic ft‘mctions, and.gzl,.yz, Fy» ;'iz'are
the roots of the characteristic equation. By substituting (1.11) into

(1.4) and (1.2) we obtain expressions for displacements and stresses of
the form

u; = 2Re [diePa (22)1, 6i;=2Re {eijaq)at’ (za)} (‘Pi (7'3) = F;i' (ZJ'» {1 A2)

Here the coefficients dij' e,k are given by the formulas

dy; = ~— biuig — (braze + bras) Wj — b1ogalts® (1.13)
doj = byryy — pv? + 2b1g10ih; + bigpopts?

11 = Wy (limz2 - buubmz) + P~j2 (b1112b1122 - buubmzz) -+

+ 15® (brazabizis — b111abizes) — 0 (Dy110 + 1,D1120)
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105 = (br111b1212 — bxfm) — po® (byare + Wibares) +
-+ Wi [branibarzs — by1aebyyye -+ Wi (brirebares — by21901109) |

€2, = (ba12001111 — bryrabiaze) -+ Wi [Da120b1112 — by10e (Byyae -+ b1212) -+

-+ bianabasas -+ 200,0200001110 - P32 (Bro12banan — Byiag)] — PU¥ (L2122 4 Wibosge)

2. The general problem for the half-plane. Rayleigh sur-
face waves. The moving punch. 1. Assume that on the boundary of
the lower half-plane £, < 0 normal and shear stresses, distributed in
some manner, are applied, and these distributions of stresses move uni-
formly along the boundary of the half-plane with a velocity v.

According to Galin [6 ], we introduce the analytic functions

(o] o]

wi(@)= | FEE =V =y, v = | TRE —p,—w, @1)

o0 —-CO

where o(£,) and r (£;) are the distributions of the normal and shear
stresses at the boundary, respectively. We have

(&) = 2Re [e:2:191" (§1) 1 €12292” (§1)]
5 (Ey) = 2 Re [ea019y” (§1) + €22092" (E1)] (2.2}

From this and from (2.1), we obtain

1
12191 (2) - €100Qs’ (2) = e We (2), 201" (2) - €2209y" (2) = T W (2)

When we solve this system with respect to ¢,”(2z) and ¢, (z) we find

(2.3)
41 (2)= 7;;%;‘5 [eos (2) — €100 (2)], @' (2) = — ?ﬁ;‘g [€amts (2) — €1y (2)]
where
A = e1pa20 — C1a0€em (2.4)

Differentation of (1.12) with respect to ¢, and going to the limit as
£, = - 0 results in

Suy _ dize1n — disere e\ 1 duewms — diewm ] 9«
(58),,_, = Re[-mm—utm ) 4 Sntmfutm y, 5)| (25)

9y 2niA
¢ dug _ dasere; — dare1en = dyieong ~— daa€osy ]
1 0% )52—“’—“0__ Re t- 2riA wy (8 + A we (1) (2.6)

where w,(£,) and w,(£,) are the limiting values of the functions when
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the points on the abscissa are approached from below, and, according to
the formulas of Sckhotskii-Plemelj [7 1, are equal to

o0 o

@) =v. p | 2EE —ms @) mE) = v p | TEE i@ @)

—%0 —00

Formulas (2.5), (2.6) and (2.7) allow us to reduce the stationary
mixed problem of the dynamic theory of elasticity for the anisotropic
half-plane to the well-studied Hilbert problem of the theory of analytic
functions (the methods of solution of the Hilbert problem can be found
in the monographs of Muskhelishvili [8 1 and Gakhov [9 1).

In the particular case of the orthotropic body, the boundary of the
half-plane being a line of elastic symmetry, the quantities

€ = ﬂ’z»‘fl‘z:l2 ; Adﬂelzz ’ D = d22€2212 ;:_A da1€209 (2.8)

are real, even if the roots of the characteristic equation (1.10) are
not purely imaginary, so that Formula (2.6) becomes

Ous r
(Fer)._, = €U (B0 + DV» (&) (2.9
2. Keeping in mind future usefulness, let us study as an example the
surface waves at the boundary of an anisotropic half-plane. This problem

was studied by a number of authors by means of other methods; a review
and discussion of these papers from one point of view is given by Scholte

[101.

If an instantaneous disturbance is created on the free surface of a
half-space at rest, then a long time after the creation of this disturb-
ance, the dilatational waves go to infinity and damp out there. There
remain only the surface waves (if they exist) which progress, without
changing their form, along the boundary of the half-space with a constant
velocity v,

The study of the surface waves is a simple case of the general mixed
problem formulated before. From the condition of the absence of normal
and shear stresses at the free surface and from Equations (1.13) we find

Re le @1’ (81) + 1209 (§1)] =0, Re [€20191" (1) -F 2209 (&1)] =0 (2.10)

In order to satisfy the boundary conditions (2.10) by non-trivial
solutions it is necessary to satisfy the following condition:

A = e191€202 — €122€2m = 0 (2.4



66 G.I. Barenblatt and G.P. Cherepanov

Together with the characteristic equation (1.9), relation (2.11) de-
termines the velocity of propagation of the surface waves, if these
waves exist. In the case of the orthotropic body, if the boundary of the
half-space is a plane of elastic symmetry, the characteristic equation
(1.10) is solved explicitly. By substituting its solution into the
appropriate equation (2.11) we obtain the equation for the velocity of
propagation of surface waves in the form
, N
7= (2.12)

M ,
pii—PS™ (PS4 QR) ]/—--_Q
Here
P = by — po?, Q@ = by

= baaga (D111 — P0%) — baayy (D212 + biree)
S = b1212b2222

and the quantities L, M, N are the coefficients of the characteristic
equation (1.10). In the case of the isotropic body we obtain from here
the ordinary Rayleigh equation [3 ]

TR I e
(1.—‘2'”7,2\ —V1-m2]/1—— :‘!'(—1—__—1_)”2“ :O, m =§z- (213)

where c, is the velocity of propagation of the deformation waves in the
body and w is Poisson’'s ratio. Equation (2.13) is known to have a unique
real root my < 1 for — 1 <w <1/2. In the case of a general type of
isotropy Equations (1.9) and (2 11) give complete values of v®. This
means that with an arbitrary anisotropy surface waves do not exist. Of
great interest is the complete analysis of the cases, so far not carried
out, where Equation (2.12) has a real root, i.e. the cases where surface
waves exist at the boundary of the orthotropic body. Note that from the
existence proof of a unique positive root of the Rayleigh equation [11 ]
and from the continuity expressions follows directly the existence of a
unique positive root of Equation (2.12) for slightly anisotropic bodies.

3. As a second example, let us study the problem of the punch which
moves along the boundary £, = 0 of an anisotropic elastic half-plane,
taking into account Coulomb friction at the boundary of contact of the
punch and the body. The boundary conditions for this problem have, of
course, the form

Typ 7 Ggg == U (— o< E1<Ca, b<E1 <) (2.14)

s

J , ‘
Cya = 11:522. {)—Ig_j = ] (El)7 SOTZ (g) dC =P (a < Elgb)

o

where a and b are the coordinates of the boundary points of the line of
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contact of the punch and the half-plane, k is the coefficient of Coulomb
friction, f(t) is a function describing the form of the punch, and P is
the force pressing the punch against the body. The corresponding bound-
ary conditions of the Hilbert problem for the determination of the func-
tion w,(z) = w,(z)/k are found from Formulas (2.6) and (2.7) to be

Vi=0 (-c0<t1<la, b<{E <o)
Re {(C +ikD)yw, (E)} =7"(&1) (e@<<E<<b) (2.15)

The parameters C and D, which are determined from the expressions
(2.8) are complex in the case of anisotropy of the general form. We de-
termine the constants p and ¢ from the relations

Re (C - ikD) = ;% Im (C + tkD) = *4 (2.16)

ap

Then the second condition of (2.15) can be rewritten in the form

apf (&) = Uy + kqV'y (2.17)

so that for the determination of the function w,(z) we obtain the same

boundary problem as in the case of the punch which moves along an iso-

tropic half-plane [6 ]. The solution of this boundary-value problem can
be found in [6 ]. By using Formulas (1.12) and expressing the functions
¢7’(z) in terms of w,(z) by means of Formulas (2.3), one can write the

stresses in the elastic body in the form

D (€1, &)
A

gij =
where ® is some function which remains finite as the speed of the punch
approaches the speed of the Rayleigh waves, if such waves exist, whereas
the quantity A, which is determined from Equation (2.4), tends at the
same time to zero. Thus, just as in the case of the isotropic body [12 ],
when the speed of motion of the punch approaches the speed of the surface
waves, if such waves exist, unusual resonance phenomena appear, which

are connected with the unlimited growth of the stresses in the elastic
body. Actually, this is comnected with a radical change of the motion at
near-Rayleigh velocities, -which limits the statement of the present prob-
lem in terms of sub-Rayleigh velocities. If the character of the aniso-
tropy is such that surface waves do not exist, then the resonance does
not appear and the adopted formulation of the problem as well as the
method of solution are applicable up to the maximum velocities, which
requires an elliptic form for Equation (1.8).

3. The isolated rectilinear crack in an orthotropic body.
Let us study the isolated rectilinear crack in an orthotropic infinite
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body under the conditions of plane strain, which propagates along some
line of elastic symmetry which we shall call x,. The crack is maintained
in the open state by some system of loads which is symmetric with respect
to the x,-axis. Completely analogously to the corresponding analysis for
the isotropic body [1 ] it is sufficient to study the case where the
crack is maintained by symmetric normal stresses — p(x;), which are equal
in magnitude and opposite in direction to the tearing stresses p(x;),
which would exist in place of the crack in a continuous body. It is
natural to assume the crack to be fixed regardless of the fact that the
relations given below yield a solution for the problem of a crack moving
with a constant velocity v and only as a special case, for a fixed crack.
The problem of a moving crack of fixed length in a uniform field was
studied for the isotropic body by Yoffe [13 ]; however, even the state-
ment of such a problem appears to be physically unrealistic.

The problem studied here is symmetric with respect to the crack line,
and thus it is sufficient to analyse only the lower half-plane &, < 0.
The corresponding boundary-value problem of the theory of elasticity for
the lower half-plane £,< 0 is formulated in the following fashion:

=0 (——o0 <&, b [ G1< )

Sa = — 8 (E1) 512 =0 {a <E1<b) (3.1}

=

L]
I

&
Q

Here —g(£,) is the distribution of the acting loads and forces of
cohesion. In the case at hand the function w,(z) is identically equal to
zero. From the relations (2.6), (2.7), and (3.1) we obtain the boundary
conditions of the Hilbert problem for the determination of the function
w,(z):

Re [Cw, (E;)] =0 (o0 < E1Ca, bl E1 oc)
Vi =—mng (&) (@ < E1<7b) (3.2),

For the orthotropic body and a crack that propagates along a line of
elastic symmetry, the constant C, given by Formula (2.8), is real, and
can thus be cancelled. For the determination of the function w,(z) the
same boundary problem is obtained as in the case of the isotropic body.
The difference appears only later in the expressions for the stresses
and displacements. According to the Keldysh-Sedov formula [7 ], we have

b
Sy C V(E - a)(t —b) g(t)dt 3.3
wy (2) ‘??::5&__b)§ P (3.3)

The fundamental hypotheses on the smallness and the autonomy of the
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end region of the crack, where forces of molecular cohesion are acting
[1,2 1, and the condition of finite stresses at the ends of the crack
can be applied in the present case just as in the case of the isotropic
body. Thus, similarly to [1 ], the condition which determined the posi-
tion of the ends of the cracks is valid, i.e. the tearing stress o,,
near the end of the crack, computed disregarding the forces of molecular
cohesion, approaches infinity as
{

- K K-\ S0

n]/s |

| (3.4)

~
22

o
[

Here s is the distance from the end of the crack, K is the cohesion
modulus [1 ], 'G(t) is the distribution of the forces of molecular cohesion
in the end region of the crack, where these forces are acting, and d is
the longitudinal dimension of the end region.

Condition (3.4) holds for all equilibrium cracks in the orthotropic
bodies, which lie along the line of elastic symmetry. Note that in con-
trast to the case of the isotropic body, the value of the constant k de-
pends on which of the planes of elastic symmetry the crack lies on.

In particular, in the present case of the isolated equilibrium crack,
the conditions which determine the ends of the cracks a and b have the
form

t—a

b - b —
oV ita=xvi—e (o) ' Zla=kvi—d (35

a

Superficially, these conditions coincide with the corresponding con-
ditions for the isotropic body [1 ]. The difference appears in the fact
that with an application of tearing stresses inside the body instead of
at the surface of the crack, the distribution p(x;) for the anisotropic
body differs considerably from the distribution for the isotropic body.
Further, the cohesion modulus K depends on the direction of the crack.
Note that the problem of the isolated rectilinear crack in an anisotropic
body was studied by Stroh [14 ]. However, because of his complicated
energy approach, Stroh did not obtain a final solution.

4. The cleavage of an anisotropic body. 1. Assume that an
orthotropic body with planes of elastic symmetry and parallel axes x,
and x, is wedged open under the conditions of plane strain by a thin,
absolutely rigid, infinite wedge which moves with a constant velocity v
in the direction of the negative x,-axis. In front of the wedge a free
crack is formed. We choose as the origin of the coordinate system the
point of closure of the crack (see figure). Coulomb friction forces are
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acting at the surface of contact of the wedge and the splitting body.

Because of the symmetry of the problem with respect to the &, -axis
one can study the motion in only the lower half-plane £, < 0. The fact
that the wedge is thin allows us to bring the boundary conditions down
to the £ -axis. Thus, the boundary conditions of the corresponding mixed
problem of the dynamic theory of elasticity for the lower half-plane can
be represented in the following manner:

5
I
)

2 : 12 =0 (—oe < E10)
512 = 39y =0 {0 < & < la) (4.1)

512 = kG, Uy = — f(& — &y) (Ia < &3 < 00)

Here k is the Coulomb friction coefficient, f(t) is a function de-
scribing the form of the wedge in a system of coordinates with its
origin at the forward point of the wedge, I, is the distance from the
forward point of the wedge to the end of the crack, and I, is the dis-
tance from the initial point of contact of the crack with the wedge to
the end of the crack. Using Formulas (2.7) and (2,9), we obtain for the
determination of the function w,(z) the following boundary-value problem:

Uy, =0 (- - o0 < Ey <C0), Vi=0 0< &< b
CUL-- DRV = — fEi— 1) (s <&y < 00) (4.2)

If function w;(z) is known, then the determination of function w,(z)
in the given case is elementary. Let us recall that for the present con-
ditions the constants C and D, which are given by Equations (2.8), are
real. If one introduces the notation

1 D
then the boundary-value problem (4.2) coincides with the corresponding
boundary-value problem which was solved earlier in the study of the
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cleavage of an isotropic body [12 ]. An analysis of additional conditions,
which determine the constants entering into the solution of the elasti-
city problem, shows that in the solution of the problem of cleavage of

an orthotropic body one can utilize the formulas from [12 ] by choosing
in these formulas values of p and ¢ which were determined by relation
(4.3), and keeping in mind that the modulus of cohesion of the material
depends on the direction in which the cleavage proceeds.

2. Let us look in greater detail at the important problem of the
splitting of an orthotropic body by means of an immobile wedge of con-
stant thickness 2h, neglecting the forces of friction at the sides of
the wedge.

Using the results of [12 ], we obtain the following expression for
the length I = [, = [, of a free crack before the wedge:

phe h2
KT =~ miCK: (4.4)

{=

where C, is the value of the constant C given by Formula (2.8) at v = 0.
We have, according to (2.8) and (1.14)

t- €3 by111 bozen -
n(:o:ﬁlﬂ—ez Vun 2222 (4.0)

2 by bague — by’

where ¢; and ¢, are the roots of the characteristic equation (1.10) di-
vided by i. Their values depend only on the elastic constants of the
material

o — 1/ Mo—VMF—4LN, e | | Mo+ VMF—3LN,
1 3L, T ‘ 2L

Relation (4.4) can be utilized for an experimental determination of
the cohesion modulus, as was done in [1 ] for the isotropic body. A thin
wedge of constant thickness, made of a material considerably more rigid
than that of the one under study, is driven into a small plate made of
the material in question, which is sufficiently thick for the state of
stress in it to be assumed to be that of plane strain. The wedge should
be driven in until the distance from the end of the wedge to the end of
the crack ! remains constant, which will indicate that the influence of
the ends of the plate is insignificant. By measuring ! and knowing the
elastic constants of the material we can find the cohesion modulus by
means of the formula

2h(bun bazez — bng?)

T (&1 + e VbV

(4.6)
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In the case of an isotropic body we obtain the previously known re-
sult

K= F" (4.7)

Note that the realization of this experiment in anisotropic materials
is simpler than in isotropic ones, since the cracks bend more readily in
the latter.

3. let us return now to the dynamic problem. As was shown in {12 ],
the length of the free part of the crack [, tends to zero for p » 0. But
from Formulas (4.3) and (2.8) it follows that p is proportional to the
determinant A and tends to zero when the velocity v of the wedge
approaches the speed of the Rayleigh surface waves corresponding to the
given direction, if such waves exist. Thus, the length of the free part
of the crack tends to zero as the velocity of motion of the wedge
approaches the Rayleigh velocity; and thus, just as in the isotropic
case, the velocity of propagation of a crack cannot exceed the Rayleigh
velocity.

It can be shown completely analogously to [12 ] that when approaching
the Rayleigh velocity the stresses near the end of the crack increase,
at which time the tearing stress o, grows faster then the tearing stress
0y,. This shows that when the speed of motion of the wedge approaches
the Rayleigh velocity transverse cracks appear and the picture of motion
changes considerably. Thus, the present statement of the problem is known
to be applicable only for velocities of wedge motion below the Rayleigh
velocity.

The upper velocity limit to which the formulation of the cleavage
problem adopted in this paper applies, also depends on the ratio of the
cohesion moduli in the direction of splitting and in the direction per-
pendicular to that. For the crack to be rectilinear it is necessary that
this ratio be not greater than unity. Otherwise the crack in front of
the wedge will curve under the influence of incidental factors even with
a motionless wedge. In the frequently encountered case when the cohesion
modulus in the direction of the cleavage is considerably smaller than
the cohesion modulus in the transverse direction (as, for instance, in
the splitting of wood along the fiber) one can assume the rectilinearity
of the crack to be assured and the accepted formulation of the problem
to be correct up to the wedge velocity equal to the Rayleigh velocity.
If the cohesion moduli in the direction of the cleavage and in the trans-
verse direction are equal to each other, then one can show completely
analogously to the isotropic case that there exists still another sub-
Rayleigh critical velocity, up to which the direction of the cleavage
lies along the line of maximum tearing stresses. When this velocity is
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exceeded, then the crack will begin to curve.

9.

10,

11.
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